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a b s t r a c t
The recently introduced atom–bond connectivity (ABC) index has been applied up to now
to study the stability of alkanes and the strain energy of cycloalkanes. Here, mathematical
properties of the ABC index of trees are studied. Chemical trees with extremal ABC values
are found. In addition, it has been proven that, among all trees, the star tree, Sn, has the
maximal ABC value.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Molecular descriptors have found a wide application in QSPR/QSAR studies [5]. Among them, topological indices have a
prominent place. One of the best known andwidely used is the connectivity index,χ , introduced in 1975 byMilan Randić [4],
who has shown this index to reflect molecular branching. Some novel results about branching can be found in [6–8,3,9] and
in the references cited therein. However, many physico–chemical properties are dependent on factors rather different than
branching.
In order to take this into account but at the same time to keep the spirit of the Randić index, Ernesto Estrada et al. proposed
a new index, nowadays known as the atom–bond connectivity (ABC) index [2]. This index is defined as follows:
ABC(G) =
∑
uv∈E(G)
√
du + dv − 2
dudv
(1)
where the summation goes over all edges of G, du and dv are the degrees of the terminal vertices u and v of edge uv, and
E(G) is the edge set of Gwith cardinalitym = |E(G)|.
The ABC index has proven to be a valuable predictive index in the study of the heat of formation in alkanes [2,1].
2. The ABC index of chemical trees
Chemical trees are trees that have no vertex with degree greater than 4. Our aim here is to study chemical trees with the
maximal andminimal values of the ABC index, or to bemore precise, to find tight upper and lower bounds for the ABC index.
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Regardless of the relatively simple definition, (1), it appeared that the study of the extremal problem for the ABC index is
rather involved. However, we are offering a complete solution of this problem that is given by Theorem 1.We shall need the
following notation. By ni(G), we denote the number of vertices of degree i, and by mij(G) we denote the number of edges
that connect vertices of degrees i and j.
Theorem 1. Let Gn be a chemical tree with n vertices. Then,
0, n ≤ 2
(n− 1) · 1√
2
, 3 ≤ n ≤ 9
8 · 1√
2
+ 2
3
, n = 10
3
√
6+ 4√15+ 48√2
132
n+ −63
√
6+ 4√15+ 48√2
132
, n > 10

≤ ABC (Gn) ≤ n+ 34 ·
√
3+ n− 5
4
√
2. (2)
Both bounds are tight, i.e. more precisely, there are infinitely many values of n and chemical trees G′n with n vertices such that
ABC(G′n) =
3
√
6+ 4√15+ 48√2
132
n+ −63
√
6+ 4√15+ 48√2
132
and n > 10.
And there are infinitely many values of n and chemical trees G′′n with n vertices such that
ABC
(
G′′n
) = n+ 3
4
· √3+ n− 5
4
√
2.
Proof. First, let us prove that
ABC (Gn) ≤ n+ 34 ·
√
3+ n− 5
4
√
2. (3)
If Gn has fewer than 4 vertices, the claim is trivial; hence, let us assume that Gn has at least 4 vertices. Let us observe the
function
f (Gn) =
∑
uv∈E(G)
(
du + dv − 2
dudv
−
√
2
2
)
.
The following relation is equivalent to (3):
f (Gn) ≤ n+ 34 ·
(√
3−√2
)
. (4)
Denote αij =
√
i+j−2
i·j −
√
1
2 . Suppose to the contrary that there is some n and there is some chemical tree H
′
n with n
vertices such that
f
(
H ′n
)
>
n+ 3
4
·
(√
3−√2
)
.
Among trees with the minimal value of m12 + m13, let Hn be the one with the smallest number of vertices. First, let us
show that m11(Hn) + m12(Hn) + m13(Hn) = 0. Obviously m11(Hn) = 0; hence, in the opposite case, we have one of the
following two cases:
CASE 1:m12(Hn) > 0.
Let u be a vertex of degree 2 adjacent to the vertex v of degree 1 and vertexw (of degree greater than 1). Note that vertex
w has degree at least 2. Since
m12 (Hn − v)+m13 (Hn − v) ≤ m12(Hn)+m13(Hn) and n (H − v) < n (H) ,
it follows that
f (Hn − v) ≤ (n− 1)+ 34 ·
(√
3−√2
)
<
n+ 3
4
·
(√
3−√2
)
< f (Hn),
but
f (Hn − v) = f (Hn)− α12 − α2dw + α1dw = f (Hn)+ α1dw ≥ f (Hn),
which is a contradiction.
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CASE 2:m13(Hn) > 0.
Let u be a vertex of degree 3 adjacent to vertex of degree 1 and vertices v andw. Let H+n be a tree obtained by adding one
pendant vertex to u. Note that
m12(H+n )+m13(H+n ) ≤ m12(Hn)+m13(Hn),
but
f (H+n ) = f (Hn)+ α14 + (α14 − α13)+
(
a4dv − α3dv
)+ (a4dw − α3dw )
≥ n+ 3
4
·
(√
3−√2
)
+ α14 + (α14 − α13)+ 2min1≤i≤4 [α4i − α3i]
≥ {after simple calculation} ≥ (n+ 1)+ 3
4
·
(√
3−√2
)
,
which is a contradiction. Contradiction is obtained in both cases; hence, indeed, m11 (H) + m12(Hn) + m13(Hn) = 0,
i.e. n1(Hn) = m14 (Hn). Therefore,
f (Hn) =
∑
2≤i≤j≤4
mij(Hn) · αij + n1 (Hn) · a14
=
∑
2≤i≤j≤4
mij (Hn) · αij + 2n1(Hn) · a14 − n1(Hn) · a14
=
{
n1(Hn)+ 2n2(Hn)+ 3n3 (Hn)+ 4n4(Hn) = 2 (n1(Hn)+ n2(Hn)+ n3(Hn)+ n4 (Hn)− 1)⇒
n1(Hn) = n3(Hn)+ 2n4 (Hn)+ 2
}
=
∑
2≤i≤j≤4
mij (Hn) · αij + 2 (n3(Hn)+ 2n4(Hn)+ 2) · a14 − n1(Hn) · a14
=
∑
2≤i≤j≤4
mij (Hn) · αij + 2
(
4∑
i=2
(i− 2) · ni(Hn)+ 2
)
· a14 − n1(Hn) · a14
=
∑
2≤i≤j≤4
mij (Hn) · αij + 2
(
4∑
i=2
(i− 2) · 1
i
·
(
4∑
j=1
mij(Hn)+mii(Hn)
)
+ 2
)
· a14 − n1(Hn) · a14
=
∑
2≤i≤j≤4
mij (Hn) · αij + 2
(
4∑
i=2
i− 2
i
·
(
4∑
j=2
mij(Hn)+mii(Hn)
)
+ 4− 2
4
m14 (Hn)+ 2
)
· a14 − n1(Hn) · a14
=
∑
2≤i≤j≤4
mij (Hn) · αij + 2
(
4∑
i=2
i− 2
i
·
(
4∑
j=2
mij(Hn)+mii(Hn)
))
· a14 + 4α14 + n1(Hn) · α14 − n1(Hn) · a14
=
∑
2≤i≤j≤4
mij (Hn) · αij + 2
( ∑
2≤k≤l≤4
(
k− 2
k
+ l− 2
l
)
mkl(Hn)
)
· a14 + 4α14
=
∑
2≤i≤j≤4
(
αij + 2 ·
(
i− 2
i
+ j− 2
j
)
· α14
)
mij(Hn)+ 4α14
=
∑
2≤i≤j≤4
αij + 2 ·
(
i−2
i + j−2j
)
· α14
5
2 i−4
i +
5
2 j−4
j
·
((
5
2 i− 4
i
+
5
2 j− 4
j
)
·mij(Hn)
)
+ 4α14. (5)
It can be shown that
max
2≤i≤j≤4
αij + 2 ·
(
i−2
i + j−2j
)
· α14
5
2 i−4
i +
5
2 j−4
j
= α24 + 2 ·
( 2−2
2 + 4−24
) · α14
5
2 ·2−4
2 +
5
2 ·4−4
4
= α24 + α14
2
= α14
2
.
Putting this in (5), we get
f (Hn) ≤ α142
∑
2≤i≤j≤4
((
5
2 i− 4
i
+
5
2 j− 4
j
)
·mij (Hn)
)
+ 4α14
= α14
2
∑
2≤i≤j≤4
(
4∑
i=2
5
2 i− 4
i
·
(
4∑
j=2
mij(Hn)+mii (Hn)
))
+ 4α14
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= α14
2
∑
2≤i≤j≤4
(
4∑
i=2
5
2 i− 4
i
·
(
4∑
j=1
mij(Hn)+mii (Hn)
)
−
5
2 · 4− 4
4
·m14 (Hn)
)
+ 4α14
= α14
2
∑
2≤i≤j≤4
(
4∑
i=2
(
5
2
i− 4
)
· 1
i
(
4∑
j=1
mij(Hn)+mii(Hn)
)
− 3
2
m14 (Hn)
)
+ 4α14
= α14
2
∑
2≤i≤j≤4
(
4∑
i=2
(
5
2
(i− 2)+ 1
)
· ni(Hn)− 32 ·m14(Hn)
)
+ 4α14
= α14
2
∑
2≤i≤j≤4
(
5
2
(
4∑
i=2
(i− 2) ni (H)+ 2
)
+
4∑
i=2
ni(Hn)− 5− 32 ·m14(Hn)
)
+ 4α14
= α14
2
∑
2≤i≤j≤4
(
5
2
n1(Hn)+
4∑
i=2
ni(Hn)− 5− 32 · n1 (Hn)
)
+ 4α14
= α14
2
(n1(Hn)+ n2 (Hn)+ n3(Hn)+ n4(Hn)− 5)+ 4α14
= α14
2
(n− 5)+ 4α14 = n+ 32 α14 =
n+ 3
2
·
(√
3
4
−
√
1
2
)
= n+ 3
4
(√
3−√2
)
.
This proves the claim. Let us prove the lower bound. If n ≤ 10, the claim can be easily checked by computer. Hence,
suppose that n > 10. We need to prove that
ABC (Gn) ≥ 3
√
6+ 4√15+ 48√2
132
n+ −63
√
6+ 4√15+ 48√2
132
. (6)
Let us observe the function
g (Gn) =
∑
uv∈E(G)
(√
2
2
−
√
du + dv − 2
dudv
)
.
Denote βij =
√
1
2 −
√
i+j−2
i·j . Note that
g (Gn) = (n− 1) ·
√
2
2
− ABC (Gn)
ABC (Gn) = (n− 1) ·
√
2
2
− g (Gn) .
Hence, (6) can be rewritten as
(n− 1) ·
√
2
2
− g (Gn) ≤ 3
√
6+ 4√15+ 48√2
132
n+ −63
√
6+ 4√15+ 48√2
132
g (Gn) ≥ (n− 1) ·
√
2
2
− 3
√
6+ 4√15+ 48√2
132
n− −63
√
6+ 4√15+ 48√2
132
.
After simple calculation, this inequality can be transformed to
g (Gn) ≤
(
n+ 1
11
− 2
)
β44 + 2n+ 211 β34. (7)
Suppose, to the contrary, that there is some n and there is some chemical tree H1n with n vertices such that
g
(
H1n
)
>
(
n+ 1
11
− 2
)
β44 + 2n+ 211 β34.
Let H2n be such a tree with minimal value of m13 + m14. First, let us show that m11
(
H2n
) + m13 (H2n ) + m14 (H2n ) = 0.
Obviously m11
(
H2n
) = 0; hence, in the opposite case, there is a vertex u of degree 1 that is adjacent to vertex v of degree
either 3 or 4. Let H3n+1 be a tree obtained from tree H2n by splitting edge uv in the path of length 2. It holds that
m13
(
H3n+1
)+m14 (H3n+1) < m13 (H2n )+m14 (H2n ) ,
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but
g
(
H3n+1
) = g (H2n )+ β12 + β2dv − β1dv = g (H2n )− β1dv ≥ g (H2n )−maxi=3,4 β1i
>
(
n+ 1
11
− 2
)
β44 + 2n+ 211 β34 −maxi=3,4 β1i
=
(
(n+ 1)+ 1
11
− 2
)
β44 + 2 (n+ 1)+ 211 β34 +
(
−max
i=3,4
β1i − 111β44 −
2
11
β34
)
>
(
(n+ 1)+ 1
11
− 2
)
β44 + 2 (n+ 1)+ 211 β34,
which is a contradiction. Hence, indeedm11
(
H2n
)+m13 (H2n )+m14 (H2n ) = 0. Now, let us observe the class Γ1 of chemical
trees H4n with n > 10 vertices such that:
(1) g
(
H4n
)
>
( n+1
11 − 2
)
β44 + 2n+211 β34;
(2)m11
(
H4n
)+m13 (H4n )+m14 (H4n ) = 0.
Note that Γ1 is non-empty, because at least H2n is in this class. Let us prove that there is a tree H
5
n in this class such that
n1
(
H5n
) = n2 (H5n ). Suppose to the contrary: let H6n be the tree in this class with the smallest number of vertices such that
n2
(
H6n
) − n1 (H6n ) > 0. It can be easily checked by computer that H6n does not have 11 vertices. Let u be a vertex of degree
2 adjacent to vertices v and w which degrees are greater than 1. Let H7n−1 be a tree obtained from H6n by deleting vertex v
(and its incident edges) and adding edge vw. Note that
g
(
H7n−1
) = g (H6n )− β2dv − β2dw + βdvdw = g (H6n )+ βdvdw > g (H6n )
>
(
n+ 1
11
− 2
)
β44 + 2n+ 211 β34 >
(
(n− 1)+ 1
11
− 2
)
β44 + 2 (n− 1)+ 211 β34.
Hence H7n−1 is in Γ1. Because of the minimality of the number of vertices of H6n , we conclude that n1
(
H7n−1
) = n2 (H7n−1),
which is a contradiction.
Now, let us observe the class Γ2 of trees H8n in Γ1 such that n1
(
H8n
) = n2 (H8n ). We have just proved that this class is non-
empty. Let tree H9n be the tree with the smallest value q3, where q3 is the number of vertices of degree 3 that are adjacent
to at least two vertices of degree greater than 2. Let us prove thatq3
(
H9n
) = 0. Suppose to the contrary that there is a vertex
u of degree 3 adjacent to at least two vertices v and w of degree greater then 2 and to vertex z of degree 2, 3 or 4. Let us
observe tree H10n+2 obtained by adding vertices v′ and v′′ and edges uv′ and v′v′′ to tree H9n . Note that
g
(
H10n+2
) = g (H9n )+ β24 + β12 + (β4dv − β3dv )+ (β4dw − β3dw )+ (β4dz − β3dz )
> g
(
H9n
)+ 2 · min
i=3,4
(
β4dv − β3dv
)+ min
i=2,3,4
(
β4dv − β3dv
)
= g (H9n )+ 2 · mini=3,4 (β4dv − β3dv )
=
(
n+ 1
11
− 2
)
β44 + 2n+ 211 β34 + 2 · mini=3,4
(
β4dv − β3dv
)
=
(
(n+ 2)+ 1
11
− 2
)
β44 + 2 (n+ 2)+ 211 β34 +
[
2 · min
i=3,4
(
β4dv − β3dv
)− 2
11
β44 − 411β34
]
>
(
(n+ 2)+ 1
11
− 2
)
β44 + 2 (n+ 2)+ 211 β34.
Therefore, Hn9 is in Γ2, but this is in contradiction with the minimality of q3
(
H9n
)
. Hence, indeed q3
(
H9n
) = 0.
Let us observe the class Γ3 of trees H11n in Γ2 such that q3
(
H11n
) = 0. We have just proved that this class is non-empty.
Since every vertex of degree 3 is adjacent to two vertices of degree 2 that are adjacent to vertices of degree 1, n > 10 andH12n
is connected, it follows thatm33
(
H12n
) = 0. Also, it follows that n4 (H12n ) > 0. Further, vertices of degree 4 create a subtree
of H12n ; hencem44
(
H12n
) = n4 (H12n )− 1. Also,m33 (H12n ) = m23 (H12n ) = m13 (H12n ) = 0 implies thatm34 (H12n ) = n3 (H12n ).
Sumarizing this, we get
n1
(
H12n
) = n2 (H12n )
m11
(
H12n
) = m13 (H12n ) = m14 (H12n ) = m22 (H12n ) = m33 (H12n ) = 0
m12
(
H12n
) = n1 (H12n )
m44
(
H12n
) = n4 (H12n )− 1
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m23
(
H12n
)+m24 (H12n ) = n2 (H12n )
m24
(
H12n
)+m34 (H12n )+ 2m44 (H12n ) = 4n4 (H12n )
m23
(
H12n
)+m34 (H12n ) = 3n3 (H12n ) .
Solving the last three equations (and taking into the account thatm44
(
H12n
) = n4 (H12n )− 1) we get
m23 = −12 (2− n2 − 3n3 + 2n4)
m24 = −12 (−2− n2 + 3n3 − 2n4)
m34 = −12 (−2+ n2 − 3n3 − 2n4) .
Hence,
g
(
H12n
) = n1 (H12n ) · β12 − 12 (2− n2 (H12n )− 3n3 (H12n )+ 2n4) · β23
− 1
2
(−2− n2 (H12n )+ 3n3 (H12n )− 2n4 (H12n )) · β24
− 1
2
(−2+ n2 (H12n )− 3n3 (H12n )− 2n4 (H12n )) · β34 + (n4 (H12n )− 1) · β44
= 1
2
(
2− n2
(
H12n
)+ 3n3 (H12n )+ 2n4 (H12n )) · β34 + (n4 (H12n )− 1) · β44
= 1
2
(
2− n1
(
H12n
)+ 3n3 (H12n )+ 2n4 (H12n )) · β34 + (n4 (H12n )− 1) · β44
= 1
2
(
2− (2+ n3 (H12n )+ 2n4 (H12n ))+ 3n3 (H12n )+ 2n4 (H12n )) · β34 + (n4 (H12n )− 1) · β44
= n3
(
H12n
) · β34 + n4 (H12n ) · β44 − β44
= (3 · n3 (H12n )+ 5 · n4 (H12n )+ 4) β445 +
(
β34 − 35β44
)
n3
((
H12n
))− 4
5
β44 − β44
= (2n1 (H12n )+ n3 (H12n )+ n4 (H12n )) β445 +
(
β34 − 35β44
)
n3
((
H12n
))− 9
5
β44
= (n1 (H12n )+ n2 (H12n )+ n3 (H12n )+ n4 (H12n )) β445 +
(
β34 − 35β44
)
n3
((
H12n
))− 9
5
β44
= n (H12n ) · β445 +
(
β34 − 35β44
)
n3
(
H12n
)− 9
5
β44. (8)
Note that β34 − 35β44 > 0; hence, the last expression will be maximized for the maximal value of n3
(
H12n
)
. It holds that
n
(
H12n
) = n1 (H12n )+ n2 (H12n )+ n3 (H12n )+ n4 (H12n )
= 2n1
(
H12n
)+ n3 (H12n )+ n4 (H12n )
= 2 (n3 (H12n )+ 2n4 (H12n )+ 2)+ n3 (H12n )+ n4 (H12n )
= 3n3
(
H12n
)+ 5n4 (H12n )+ 4 (9)
and
n3
(
H12n
) ≤ 4n4 (H12n )− 2 (n4 (H12n )− 1)
n3
(
H12n
) ≤ 2n4 (H12n )+ 2
n4
(
H12n
) ≥ 1
2
n3
(
H12n
)− 1.
Putting this in (9), we get
n
(
H12n
) ≥ 3n3 (H12n )+ 5
(
n3
(
H12n
)
2
− 1
)
+ 4
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Fig. 1. Trees G′11k+10 , k ≥ 1, where k is the number of vertices of degree 4.
Fig. 2. Trees G′′4k+5 , k ≥ 1.
n
(
H12n
) ≥ 11
2
n3
(
H12n
)− 1
n3
(
H12n
) ≤ 2n (H12n )+ 2
11
.
Putting this in (8), we get
g
(
H12n
) ≤ n (H12n ) · β445 +
(
β34 − 35β44
)(
2n
(
H12n
)+ 2
11
)
− 9
5
β44
=
(
2n
(
H12n
)+ 2
11
)
β34 +
(
n
(
H12n
)+ 1
11
− 2
)
β44.
It remains to prove that both bounds are tight. Let us observe the families of trees given in Figs. 1 and 2:
It can be easily seen that
ABC
(
G′11k+10
) = 3√6+ 4√15+ 48√2
132
n+ −63
√
6+ 4√15+ 48√2
132
and that
ABC
(
G′′4k+5
) = n+ 3
4
· √3+ n− 5
4
√
2.
This proves the theorem. 
3. The ABC index of trees
Theorem 2. Among all trees with n ≥ 2 vertices, the star tree (Sn) is the unique tree that has the maximal ABC value, equal to√
(n− 1) · (n− 2).
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Proof. Let us observe the ABC index of just one edge uv of tree G.
ABC(uv) =
√
du + dv − 2
dudv
. (10)
If we denote duv = du + dv − 2, then (10) can be rewritten as follows:
ABC(uv) =
√
duv
du (duv − du + 2) .
Since G is acyclic, it follows that duv ≤ n and du ≤ duv+1. Denote f (x, y) = yx·(y−x+2) . Note that ABC(uv) =
√
f (du, duv).
Hence, in order to maximize ABC (uv), we need to find
f (x, y) = max
1≤x≤y+1
1≤y≤n−2
y
x · (y− x+ 2) .
First, let us maximize the function
fy (x) = max
1≤x≤y+1
y
x · (y− x+ 2) .
In order to do this, we need to minimize x (y− x+ 2) in x. This function is minimized at the boundaries of its domain,
i.e. at x = 1 or x = y+ 1. Let us distinguish two cases:
CASE 1: x = 1
It holds that f (1, y) = y1·(y−1+2) = 1− 1y+1 and as it obviously increases as y increases a maximum is obtained for x = 1
and y = n− 2.
CASE 2: x = y+ 1
It holds that f (y+ 1, y) = y
(y+1)·(y−(y+1)+2) = 1− 1y+1 ; hence a maximum is obtained for x = n− 1 and y = n− 2.
In both cases, it can be shown that a maximum is attained for {du, dv} = {1, n− 1}. The only tree for which this holds
for all edges is the star tree, Sn. 
We determined, using in silico investigations, that in the majority of cases there exists more than one tree possessing
minimal ABC index. Characterization of those trees remains an open problem and a task for future research.
4. Conclusions
The problem of finding the extremal values of the ABC index is completely solved here for chemical trees.
Besides chemical trees, general trees are also treated, and it has been shown that the star tree, Sn, has the maximal ABC
value. Finding the minimal ABC value of trees, in the case of general trees, remains an open problem.
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